Abstract. Generalizing a result of Miyaoka, we prove that the semistability of a vector bundle E on a smooth projective curve is equivalent to the nefness of any of certain divisorial classes θ s , λ s in the Grassmannians Gr s (E) of locally-free quotients of E and in the projective bundles PQ s , respectively (here 0 < s < rk E and Q s is the universal quotient bundle on Gr s (E)). The result is extended to Higgs bundles. In that case a necessary and sufficient condition for semistability is that all classes λ s are nef.
Introduction
Let E be a vector bundle on a smooth projective curve C over a field of characteristic 0. As shown in [5] , the semistability of E is equivalent to the fact that a suitable divisor λ in the projective bundle PE is numerically effective (nef) [5] . The the numerical class λ is defined as
where r = rk E and F is class of the fibre of the projection PE → C.
In this paper we generalize this result in two directions. Firstly, we consider the Grassmannians Gr s (E) of locally-free quotients of E and the projectivized universal quotient bundles PQ s . Moreover we introduce the classes
in Gr s (E) and λ s = c 1 (O PQs (1)) − µ(E) F s in PQ s (in both cases F s denotes the class of the fibre of the projection onto C). We prove: The second amd more interesting generalization concerns Higgs bundles (E, φ) on a smooth projective curve C. We introduce schemes S s (E, φ) parametrizing locally-free rank s Higgs quotients of (E, φ) (i.e., locally-free quotients of E whose kernels are φ-invariant), and the universal quotient Higgs bundles (Q φ s , Φ s ) on them. We define classes θ It is indeed not enough that one of the classes λ φ s is nef to ensure the semistability of (E, φ), as we show in Section 3.
A weaker notion is that of pseudo-ampleness, which corresponds to the class c 1 (O PE (1)) being numerically effective (nef).
We recall that given a smooth projective variety X with a choice of a polarization H, a torsion-free coherent sheaf E on X is said to be semistable (in Mumford-Takemoto's sense) if for every proper coherent subsheaf F of E one has
where the slope µ(E) of a torsion-free coherent sheaf is defined as
If the inequality always holds strictly, the bundle E is said to be stable. Following Miyaoka [5] , we introduce some notation and state the theorem relating the semistability of a vector bundle to the nefness of a suitable divisorial class.
Definition 2.1. For every smooth projective variety X, one denotes:
(ii) NA(X) ⊂ N 1 (X) the ample cone of X (the cone generated by the classes of ample divisors), and NA(X) its closure (the set of classes of nef divisors of X);
(iv) NE(X) ⊂ N 1 (X) the real cone generated by the effective 1-cycles. 
where F is the class in N 1 (PE) of the fibre of the projection PE → C. Then the following conditions are equivalent:
(Here R + is the set of nonnegative real numbers.) The class rλ is the relative anti-canonical class of PE → C, and one has λ r = 0.
We describe now the first generalization of this result. Given a vector bundle E on an algebraic variety X, we shall denote by Gr s (E) the Grassmann variety of rank s locally-free quotients of E, with 0 < s < r = rk E. We have a morphism p s : Gr s (E) → X that makes Gr s (E) a bundle of Grassmanians. On every variety Gr s (E) a universal quotient bundle Q s is defined, in a such a way that for any morphism f : Y → X and any rank s locally-free
where F s is the fibre of the projection π s : Gr s (E) → X. 
The induced morphisms
are isomorphisms, as one easily shows by using some Schubert calculus. If E is semistable, so is Λ s E for every s, 0 < s < r [4] , so that the class
is nef. By restricting to the image of the Plücker embedding one obtains that θ s is nef.
The converse to Theorem 2.3 is as follows. We consider now another construction. Again, E is a rank r vector bundle on a smooth projective curve C, Gr s (E) is the Grassmannian bundle of its rank s quotients, and Q s the universal quotient bundle on Gr s (E). We define the class in N 1 (PQ s )
where F s is the class of the fibre of the composition
Theorem 2.6. If E is semistable, the class λ s is nef for every s, 0 < s < r = rk E.
To prove this result we need a Lemma.
Lemma 2.7. Let G be a semistable vector bundle on a smooth projective curve C, and let
where p : PG → C is the projection.
Proof. By Theorem 2.2 we have
Proof of Theorem 2.6. If for some s the class λ s is not nef there is an irreducible curve C ′ ⊂ PQ s which surjects onto C and is such that C ′ · λ s < 0. Let h : C ′′ → C be a finite morphism and consider the commutative diagram whose squares are cartesian
We may choose the pair C ′′ , h in such a way that the fibre productC =
is a union of curves C j which project onto C ′′ with degree one (and meet
is a finite morphism (actually, an isomorphism), so that E j is semistable. Now with the help of Lemma 2.7 we have:
but this contradicts the semistability of E j . Proof. This result may be proved by mimicking Gieseker's proof for s = 1, cf. [1] .
Theorem 2.9. If for some s (with 0 < s < r = rk E) the class λ s is nef, then E is semistable.
Proof. By direct computation one sees that
≥ 0 (since λ s is nef) so that θ s is nef, hence E is semistable.
Semistability vs. nefness for Higgs bundles
We want to investigate if the semistability of a Higgs bundle can be encoded in the nefness of some suitable classes. In particular, we prove Theorem 1.2.
3.1. We recall the basic definitions about Higgs bundles (cf. [6] , [7] ). Definition 3.1. Let X be a projective variety. A Higgs sheaf on X is a coherent sheaf E on X endowed with a morphism φ :
where Ω X is the cotangent sheaf to X. A Higgs bundle is a Higgs sheaf (E, φ) such that E is a locally-free O X -module.
Definition 3.2. Let X be a smooth projective variety equipped with a polarization. A Higgs sheaf (E, φ) is semistable (resp. stable) if it is torsion-free, and µ(F
In the sequel we shall need the following Lemma. It generalizes a well-known fact about semistable vector bundles that we have already used in this paper [1, 5] . 
is semistable on X we can assume that f is a Galois covering. Let G be the corresponding Galois group and let 0 → F → f * E be a maximal destabilizing Higgs subbundle. σ * F is also a maximal destabilizing Higgs subbundle of σ * E = E so that σ * F = F by the unicity of F . It follows that F = f * E ′ for a certain subbundle 0 → E ′ → E. Since E ′ destabilizes E, we have only to prove that it is a Higgs subbundle of (E, φ), i.e., that the
we may as well prove that the induced morphism F
Given a Higgs bundle (E, φ), we may construct the closed subschemes S s (E, φ) ⊂ Gr s (E) parametrizing the rank s locally-free Higgs quotients, i.e. locally-free quotients of E such that the corresponding kernels are φ-invariant. This can be done as follows: let us consider the universal exact sequence
of vector bundles on the Grassmanian Gr s (E) that defines the universal quotient bundle Q s . Then S s (E, φ) is the closed subvariety of Gr s (E) where the composed morphism
vanishes (the equations for S s (E, φ) inside Gr s (E) are written in subsection 3.2 for the special case s = 1)). We denote by π φ s the projections S s (E, φ) → X. The restriction of (2) to every scheme S s (E, φ) gives a new universal exact sequence
and Q φ s is a rank s universal Higgs quotient vector bundle. This means that for every morphism f : Y → X and every rank s Higgs quotient F of f * E there is a morphism
For every s we define the class
as in the previous Section. We have: Proof. One again adapts the proof by Gieseker in [1] , this time using Lemma 3.3.
3.2.
Equations of the scheme of rank-one Higgs quotients. For some time we concentrate on the scheme S 1 (E, φ) of rank one Higgs quotients of a rank r Higgs vector bundle (E, φ) on a n-dimensional smooth variety X. Let us denote by S 1 (E, φ) the scheme P φ E. We have a closed immersion j : P φ E ֒→ PE, and the universal Higgs quotient is
. We denote by π φ : P φ E → X the projection.
We denote by ξ E = c 1 (O PE (1)) the hyperplane class in PE and write ξ (E,φ) = c 1 (O P φ E (1)) = j * (ξ E ). We also define
One can write local equations for P φ E by using the Euler sequence
because this is the form that (2) takes in this case. We then now that P φ E is the closed set where the composition of morphisms
vanishes. Given a local basis of sections (e 1 , . . . , e r ) of E, which can be taken as local vertical homogenous coordinates for PE, the Higgs field is represented by a matrix (φ αβ ) of 1-forms by letting φ(e β ) = α φ αβ e α . The homogeneous equations for P φ E are (3) γ e γ (φ γβ e α − φ γα e β ) = 0 , for every 1 ≤ α < β ≤ r.
So P φ E is an intersection of n r 2 hyperquadrics in PE. Let us study this locus in the case when the Higgs bundle (E, φ) is nilpotent, i.e., there is a decomposition
as a direct sum of subbundles, and φ(
The induced morphism φ ⊗ 1 : E ⊗ Ω * X → E yields a Higgs quotient (Q φ = coker(φ ⊗ 1), φ = 0) of (E, φ), and there is also a Higgs quotient bundle (E/E m ,φ), whereφ is the Higgs field induced by φ. There are closed immersions
Proposition 3.7. The scheme of rank one Higgs quotients is the closed subscheme of P(E)
given by
where
Proof. The proof is given in an Appendix.
3.3.
Equations in the case of curves. Let (E, φ) be a nilpotent Higgs bundle on a smooth projective curve C and denote byP φ (E) the union of all components of P φ (E) not contained in a fibre of P(E) → C. Similar meaning will have the expressionsP(Q φ ) or
Pφ(E/E m ).
Proposition 3.8. The class ofP φ (E) in the Chow ring of P(E) is
where r(φ) = rk(φ(E)) and j : P(E/E m ) ֒→ P(E) is the natural immersion.
Proof. We start by computing the class of P(G) where
is a quotient rank q bundle. One has
where j is the relative hyperplane class of P(E), F is the class of a fibre of π and a, b are integer numbers. Since 1 = ξ
In this caseP(G) = P(G). When G has torsion T (G), G/T (G) is a quotient vector bundle and we have
This formula implies our claim.
Unstable Higgs bundles
where the L i are line bundles and
If we impose that the Higgs subbundles L 3 and L 2 ⊕ L 3 do not destabilize (E, φ) we obtain the inequalities
One can prove that these inequalities are actually sufficient for (E, φ) to be semistable. Now we study when the restrictions ofλ (E,φ) to the components ofP φ (E) are nef. There
Let us writeλ φ,1 andλ φ,2 for the restrictions ofλ (E,φ) to
as a bundle, by the nilpotent rank two case we have
On the other hand, since
by modding the torsion out we obtain
by Eq (5). Thenλ
Soλ φ,2 andλ φ,2 are nef if and only if inequality (7) holds, and if that inequality holds, λ (E,φ) is nef.
Let C be a smooth projective curve of genus 2, and K = x + y a canonical divisor. Let us consider the line bundles
We can then define a nilpotent Higgs field φ :
as being equal to φ 21 on L 1 , to φ 32 on L 2 and zero on L 3 . Now,
that is, the inequality (7) is true, so thatλ (E,φ) is nef. The restriction of the class λ (E,φ) to a component of P φ E lying in a fibre of PE → C coincides with the restriction of the class
, hence is nef, and the class λ (E,φ) itself is nef. However,
so that the inequality (6) does not hold, and (E, φ) is not semistable. It is interesting to check in this example what is the situation with the class θ φ 2 in S 2 (E, φ). If we again remove the components embedded in fibres of PE → C, we obtain a subscheme S 2 (E, φ) ≃ PL 3 ≃ C, and the classθ
is not nef, so that θ φ 2 is not nef either, and the class λ
is not nef, for the argument contained in the proof of Theorem 2.9.
3.5. Proof of Theorem 1.2. We conclude the proof of Theorem 1.2, of which we also give a slightly shaper statement.
Theorem 3.9. Let (E, φ) be a rank r Higgs bundle on a smooth projective curve C, and assume the for every s with 0 < s < r either the scheme S s (E, φ) has no section, or it has sections, and the class λ
Proof. Let (E ′ , φ) be a rank k locally-free quotient of (E, φ). Then there is a section
k is nef by hypothesis, the class λ k is nef as well. On the other hand, we havē
where F σ k is the class of the fibre of the projection PQ σ k → C σ , and
Example 3.10. Let X be a smooth projective surface over C with ample canonical class K.
As an application of the criterion established in Theorem 3.9 we prove the semistability of the Higgs bundle F = Ω X ⊕ O X , with Higgs structure given by the morphism φ
The interest of this example is that since (F, φ) is semistable it satisfies the Bogomolov inequality, which in this case yields the Miyaoka-Yau inequality 3c
Since K is ample, X admits a Kähler-Einstein metric [8] , hence the cotangent bundle Ω X is semistable with respect to the polarization K. Let C be a curve in the linear system |mK|, with m big enough for Ω = Ω X|C to be semistable. Let E = F |C = Ω ⊕ O C . It is sufficient to prove that the Higgs bundle (E, φ) is semistable.
By analysing the possible rank-1 locally-free Higgs quotients of E one finds that S 1 (E, φ) has two components, one isomorphic to C, with Q For rank-2 locally-free Higgs quotients we find that S 2 (E, φ) has two components both isomorphic to C. In one case Q 
Appendix
Proof of Proposition 3.7. We can proceed locally. Let us write n i = dim E 1 ⊕ · · · ⊕ E i and take for every subbundle E i a local basis {e γ } of sections with n i−1 < γ ≤ n i . If we consider the subset of the equations (3) where e β ∈ E m and e α ∈ E i for i < m, we get 0 = e β · n i <γ≤n i+1 e γ φ γα , for every pair (α, β) as above. These equations describe the locus Y ∪ Y ′ , where Y ′ ≡ {e β = 0 | for every e β ∈ E m } ≡ P(E/E m )
e γ φ γα = 0 | for every e α ∈ E i , i < m } ≡ P(Q φ ) .
The remaining equations are 0 = e α · n j <γ≤n j+1 e γ φ γβ − e β · n i <γ≤n i+1 e γ φ γα for e α ∈ E i , e β ∈ E j , i ≤ j < m (and α < β if i = j) and define hyperquadrics containing Y . We study their intersections with Y ′ .
If m = 2, the only possibility is i = j = 1 = m − 1 so that the e γ 's in the equations above belong to E m thus proving that the corresponding hyperquadric contains also Y ′ .
Moreover,φ = 0 is this case, so that Y ′ = Pφ(E/E m ) and we conclude that
when m = 2. Assume now that m ≥ 3. The equations (3) for j < m − 1 are the whole set of equations for (E/E m ,φ), so that the intersection of the locus defined by them with Y ′ = P(E/E m )
is precisely Pφ(E/E m ). We have then
where Y ′′ is the locus given by the intersection of the hyperquadrics given by the equations e γ φ γα be one of those hypersurfaces. Then the e γ 's in the first sum belong to E m , so that its intersection with P(E/E m ) = {e γ = 0 | for every e γ ∈ E m } is the same of the intersection of the hyperquadric 0 = e β · n i <γ≤n i+1 e γ φ γα with P(E/E m ). Then Pφ(E/E m ) ∩ Y ′′ ⊆ P(E/E m ) ∩ Y ′′ is contained in Y and gives a union of embedded components.
